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Single photon interference due to passage through a periodic grating is considered in a novel
proposal for processing D-dimensional quantum systems (quDits) encoded in the spatial degrees of
freedom of light. We show that free space propagation naturally implements basic single quDit gates
by means of the Talbot effect: an intricate time-space carpet of light in the near field diffraction
regime. Adding a diagonal phase gate, we show that a complete set of single quDit gates can be
implemented. We then introduce a spatially-dependent beam splitter that allows implementation of
controlled operations between two quDits. A new form of universal quantum information processing
can then be implemented with linear optics and ancilla photons. Though we consider photons, our
scheme should be directly applicable to a number of other physical systems. Interpretation of the
Talbot effect as a quantum logic operation provides a beautiful and interesting way to visualize
quantum computation through wave propagation and interference.
I. INTRODUCTION
Quantum information (QI) science offers novel ways to
transmit and process information, providing interesting
advantages in terms of efficiency and security. As in the
classical case, QI has focused on the processing of dig-
ital information instead of analog due advantages such
as less demanding memory requirments and robustness
against unavoidable errors. This has motivated an enor-
mous quest for controllable quantum systems with dis-
crete degrees of freedom in spaces of at most countable
dimensions.
In the history of QI, photonic systems have played a
key role, offering several alternatives for encoding infor-
mation. The most common one is perhaps polarization
of single photons, a true two-level quantum system. For
D > 2, a number of distinct features or advantages can
appear, such as tests of quantum contextuality [1], quan-
tum computation [2], higher-violation of Bell’s inequality
[3, 4] and increased information transmission rate and im-
proved security in quantum key distribution [5, 6]. As
such, additional photonic degrees of freedom, such as
orbital angular momentum [7–9], transverse momentum
[10–12], time bins [13, 14], either alone or in combination,
have been used or proposed. However, in general these
higher-dimensional systems are typically more difficult to
manipulate or control.
Here we revisit two “vintage” concepts from optics and
QI sciences to propose a new way of encoding and pro-
cessing information in D-dimensional quantum systems.
The first idea is to make use of the “big space” available
in a continuous (analog) degree of freedom in order to
encode discrete quDits using periodic wave functions, as
suggested by Gottesman-Kitaev-Preskill (GKP) [15]. In
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our case these quDits can be prepared by sending light
through a diffraction grating.
The processing of these quDits will be realized in part
using a concept dating back to 1836, when the Talbot
effect was discovered by Henry Fox Talbot[16]: in a stan-
dard diffraction experiment, light traversing a grating of
period l generates localized wave packets right after the
grating. For rational propagation distances q/r, in units
of twice the so-called Talbot distance zT = l
2/λ, the ini-
tial state at the grating turns into a superposition of r
copies of the grating pattern, with each copy displaced
transversely by a distance l/r. For irrational propagation
distances, the diffraction pattern exhibits more complex
fractal behavior [17]. Mapping the intensity of light as a
function of the transverse position and propagation dis-
tance displays an intricate pattern, known as a “Talbot
carpet of light”. We show that, for proper encoding of
quDits in the transverse spatial profile of single photons,
certain instances of the Talbot effect are equivalent to
quantum logical operations. Placing phase elements at
appropriate propagation distances is sufficient to imple-
ment arbitrary D-dimensional unitary operations. His-
torical reviews of the Talbot effect and its applications
can be found in [18]. This phenomenon is not exclusive
of optics, as it has also been observed in matter systems
such as atomic beams [19] and as Bose Einstein conden-
sates [20]. As such, our results should be applicable to a
number of physical systems.
In section II of this paper, we make a brief review of
the Talbot effect. We then propose our encoding scheme
for discrete orthonormal states in the continuous trans-
verse distribution of single photons, reminiscent of the
GKP encoding scheme [15], and show how these states
can be manipulated using the Talbot effect. This leads
us to define Talbot quDits. In section III we show that a
complete set of single quDit gates can be realized by two
optical primitives. The first is near-field free-propagation
that realizes the Talbot effect. The second is an optical
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2element that imprints a phase φ(x) on the spatial pro-
file of the photons. When combined, these two opera-
tions lead to a natural implementation of the quantum
Fourier transform (QFT). In section V propose a modi-
fied beam splitter that is capable of realizing two-photon
gates when aided by post-selection. The combination of
this two-quDits gate with the single quDit gates consti-
tutes a universal set for quantum computation. In sec-
tions VI and VII we discuss the universality of this gate
set and the resistance to errors. We provide concluding
remarks in section VIII.
II. FRACTIONAL TALBOT EFFECT AND
TALBOT QUDITS
The Talbot effect appears in the near field of diffraction
of light from periodic gratings. It is characterized by the
production of self-images and replicas of the grating for
given propagation distances from the grating. Here we
review some basic aspects of this phenomenon, following
Ref. [21]. Let us start by considering a plane wave with
wavelength λ propagating along the z-axis. At the plane
z = 0 is placed a grating with rectangular slits of width
a periodically separated by a distance ` along the x-axis.
The slits are considered to be very large compared to λ
in the y direction such that no diffraction occurs in this
direction, and we can thus consider the effect occurring
only in the x-z plane. The wave at z = 0 takes the form
given by the transmission function of the grating, and
can be written as a Fourier expansion
ψ(x, 0) = ψ0(x) =
∑
m
Ame
imxk` . (1)
That is, the grating imprints only multiples of k` = 2pi/`
to the transverse momentum of the outgoing wave. The
Fourier coefficients in this case are given by Am =
(a/`)e−ipima/`sinc(2mpia/`). The top of Fig. 1 a) shows
a pattern equivalent to |ψ(x, 0)|2.
Free space propagation simply imprints a phase eizkz
on the wave-function, with z being the distance from the
grating. An essential ingredient in the description of the
Talbot effect is the paraxial approximation, for which the
transverse wave vector has a very small contribution to
the total wave vector k = 2pi/λ =
√
k2x + k
2
z and then
kz ≈ k − (mk`)
2
2k which leads to
ψ(x, z) =
∑
m
Ame
imxk`eizkz ≈
∑
m
Ame
imxk`e−ipim
2z/zT ,
(2)
where the Talbot distance zT = `
2/λ has been defined,
and we ignored a global phase.
The recognition of the characteristic distance zT high-
lights the difference between the far field and near field
diffraction. While in the far field diffraction the well
known condition for constructive interference `sinθ = nλ
dictates the position of the intensity peaks in the trans-
verse plane (orders of diffraction), the near field construc-
tive interference manifests itself in a totally different way.
Consider propagation of the wave in equation (2) by dis-
tances
z = (s+ q/r)2zT , (3)
where s, q and r are integers, and q and r are relative
primes. In this case, one can see that
ψ(x, z) =
r−1∑
j=0
ajψ0
(
x− j
r
`
)
, (4)
where
aj =
1
r
r−1∑
n=0
e−2pii(n
2−jn)q/r. (5)
Equation (4) shows that at distances spelled out by con-
dition (3), the wave-function is a linear combination of
r replicas of the initial state ψ0 but with each copy dis-
placed in the x direction by integer multiples of `/r. Co-
efficients aj define the weight and phase relation between
the self-images, and their behaviour depending on p and r
will be analysed later. As it can be noticed, equations (4)
and (5) do not depend on s, which makes explicit the fact
that the interference pattern is periodic in z with period
2zT . While the effect of self replication for z = 2zT was
first observed by Talbot in 1936 and explained theoreti-
cally by Raylegh in 1881, the whole interference pattern
created by |ψ(x, z)|2, known as the Talbot carpet of light,
to our knowledge was only observed in detail by Case et
al. [21] in 2009. A computer simulation of a portion of a
Talbot carpet is shown in Fig. 1 b). One can see that at
integer values of z/zT the original wave function (z=0)
is recovered, while at half-integer distances the original
pattern is shifted by `/2. The Talbot effect has also being
observed experimentally in matter waves with interfering
atoms [20], and Bose-Einstein condensates [22].
For distances not satisfying condition (3), for example
for irrational values of z/2zT or z = x, the intensity
pattern can display fractal behaviour as was extensively
discussed in work developed in [17, 23, 24]. Despite the
richness of the physics involved in the weaving of the
Talbot Carpet, in this work we restrict our analysis to
the rational Talbot effect, that is, to those distances for
which condition (3) is satisfied.
A. Talbot QuDits
After this brief introduction to the Talbot effect, let
us introduce “Talbot quDits”, which will be used to pro-
cess D-dimensional quantum information. In terms of
the periodic wave function ψ0, a D-dimensional quan-
tum system can be encoded in the spatial distribution
of single photons passing through a grating of period `.
Each state |d〉D, with d = 0, . . . , D − 1, corresponds to
3FIG. 1: In a) the intensity in the transverse direction of the periodic wave function which represents the encoding of a state
|d〉 and an illustrations of the 4 different wave functions encoding the computational basis in dimension four, {04〉, |14〉, {24〉,
{34〉}. In b) the diffraction pattern in the near field of a periodic grating in the z-x plane, the Talbot Carpet ; white regions
indicate maximum intensity and black regions correspond to zero intensity. In c) a cell in the talbot carpet of of sides `/2 along
x and zT in z, where one can identify three states of a Talbot qubits along the propagation in z.
a displacement by dD ` of the initial comb ψ0(x). The
corresponding wave function is
〈x |dD〉 = ψ0
(
x− d
D
`
)
. (6)
This encoding basically fills the space in the interval
{0, `} with wave functions centred at position dD ` and
then repeats periodically. To illustrate the idea, the bot-
tom part of Fig. 1 b) shows the modulus square of the
four basis states for D = 4. All the elements of the
computational basis are thus translations of the periodic
comb ψ0 by
m
D `, with m integer. That is, if we change
variables x→ x+ mD ` we obtain
ψ0
(
x− d
D
`
)
→ ψ0
(
x− (d+m)
D
`
)
= 〈x |(d+m)D〉 ,
(7)
where the sum (d+m) in 〈x |(d+m)D〉 is modulo D. No-
tice that the state |0D〉 is common to all dimensions and
corresponds to the wave function ψ0(x) at the grating.
The orthogonality between two basis states, say |dD〉
and |d′D〉, will depend on the overlap 〈dD |d′D〉 between
these wave packets which in turn depends on the ratio
a/`. In Fig. 2 we show the mean orthogonality, de-
fined as 2
∑
d>d′ |〈dD |d′D〉 |2/D(D − 1), between all the
states of the computational basis for a given dimension
D. For a D-dimensional system perfect orthogonality can
be clearly achieved for a` ∈ {0, 1D}.
This QuDit encoding scheme is reminiscent of that of
the GKP protocol for encoding a qubit (D = 2) in a
quantum harmonic oscillator [15] and also the encoding
with modular variables proposed in [25]. Using a QI per-
spective, we now show that the rational Talbot effect can
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FIG. 2: The plot shows the mean orthogonality
2
∑
d>d′ |〈dD |d′D〉 |2/D(D − 1) for the quDit computational
states as function of a/`. For higher dimensions one needs the
inter-slits distance ` to be much greater than the slit size a in
order to guarantee the orthogonality among the states. For
fixed a and ` the largest number of orthogonal states that one
can encode is given by D = `/a, since in this way the space
between two slits is evenly divided among non-overlapping
states.
be used to implement quantum logic operations on the
Talbot quDits defined in (6). Near field propagation of
the appropriate distance implements the unitary opera-
tor whose elements are the coefficients in (5). In the next
sections we describe a method for production and manip-
ulation of optical Talbot qubits in order to achieve the
necessary tools for universal quantum computation.
4III. TALBOT GATES, DIAGONAL GATES AND
THE QUANTUM FOURIER TRANSFORM
In this section we show in detail the type of transforma-
tions that can be naturally implemented on the physical
quDits described in the last section. We will define two
types of operations that are primitives sufficient to gener-
ate any unitary in the encoding space, and in particular
the quantum Fourier transform. We will name these two
primitive operations Talbot gates and diagonal gates re-
spectively. Hereafter distances in the z direction will be
given in units of 2zT .
We start by formalizing the effect of free space propa-
gation on the Talbot quDits defined in equation (6), thus
defining the Talbot gate. The question we want to an-
swer is: Given a fixed dimension D, what is the unitary
transformation Uq/r associated with a propagation dis-
tance z = q/r? That is, we are going to describe the
unitary matrix satisfying
ψ(x, q/r) = 〈x|Uq/r|jD〉. (8)
It will be helpful to study the cases of even and odd
dimension D separately.
A. Talbot gate: D even
Let us first consider a propagation distance z = 1/r,
where r is an even integer. According to Eq.(4), the
number of displaced replications is at most r depending
on whether all the coefficients a′js are different from zero
or not. The expression determining the coefficients a′js
is interesting and very well known, it is called a Gauss
sum. Gauss sums are relevant in number theory, and
were applied for instance in the demonstration of the
quadratic reciprocity law by Gauss himself [26, 27]. More
recently, factorization protocols whose working mecha-
nism is based in Gauss sums, were experimentally imple-
mented [28, 29]. The natural appearance of Gauss sums
in the the Talbot effect was observed by Hannay and
Berry in [24], in which reference they also provided an
explicit evaluation of these sums. For us it is sufficient to
know that for r an even number, half of the aj ’s vanish.
It is convenient to define r = 2D, and as such only D
Gauss sums are non zero. This establishes a relation be-
tween a given propagation distance and the dimension of
the Hilbert space we are encoding. As here we are taking
D to be an even number, one can show [24] that the non
zero aj ’s are those for which j is also an even number
and we obtain for the non-vanishing coefficients
a2d =
1√
D
e−i
pi
4 ei
pid2
D . (9)
Then for z = 1/2D we can rewrite Eq.(4) as
ψ(x, z = 1/2D) =〈x|U1/2D|0D〉
=
D−1∑
d=0
a2dψ0 (x− dD`) , (10)
which in terms of state vectors can be written as:
U1/2D |0D〉 =
D−1∑
d=0
a2d |dD〉 . (11)
Now we evaluate the wave-function in Eq. (10) at the
point x′ = x− mD `:
ψ(x− m
D
`, z = 1/2D) =
D−1∑
d=0
a2dψ0
(
x− m+ d
D
`
)
.
(12)
This is equivalent to the free evolution of a grating dis-
placed by m`/D for a distance z = 1/2D, i.e., this gives
the free evolution of the quDit state |mD〉. In general
one has:
U1/2D |mD〉 =
D−1∑
d=0
a2d |(d+m)D〉 , (13)
where the sum (d + m) is made modulo D. That is,
propagation over a distance z = 1/2D takes one of the
computational basis states into an equally weighted su-
perposition state, with coefficients given by Eq. (9).
Using the generalized Pauli shift operator [15], defined
as Xd |mD〉 = |(d+m)D〉 with XD = I and I is the iden-
tity operator, we can write
U1/2D |mD〉 =
D−1∑
d=0
a2dX
d |mD〉 . (14)
Since the coefficients in equation (9) satisfy∑D−1
d=0 |a2d|2 = 1, the unitarity of U1/2D =
∑D−1
d=0 a2dX
d
is guaranteed.
B. Talbot gate: D odd
We can proceed as before to see that in the case of
odd dimensions it is convenient to consider propagation
distances z = 1/D. In this case all the coefficients aj are
non-zero. Indeed
ad =
1√
D
(
2
D
)
ei
pi
4 (D−1)ei
pi(D+1)2d2
D (15)
where
(
a
b
)
is the Jacobi symbol defined for odd integers
b, and depending on the dimension it takes values 1 or
−1. Then the relevant operator for odd dimension is
U1/D =
D−1∑
d=0
adX
d. (16)
5So, as for the even dimensional case, the Talbot gate is
a polynomial in X. The mathematical structure of the
this operator and its relation with the discrete Fourier
transform (DFT) will be explored in the next section.
The Talbot gate thus takes the computational basis
states |dD〉 and transforms them into equally weighted
superpositions of the basis states. It is important to note
that while the appearance of the Talbot gate for even and
odd dimension is similar, physically they are associated
to distinct propagation distances z = 1/2D and z = 1/D,
respectively. This means that the propagation distances
for manipulation of the Talbot quDits depends on the
parity of the chosen dimension.
C. General properties of U1/r
It is interesting to notice that the operator U1/r
is determined by the set of D numbers a =
{a0, a2, ..., a(D−1)}. The rows of the matrix associated
to U1/2D are successive cyclic permutations of this vec-
tor:
U1/r =
 a0 aD−1 . . a1a1 a0 . . a2. . . . .
aD−1 aD−2 . . a0
 . (17)
These types of matrices are known as circulant matri-
ces [30], and are closely related to the quantum Fourier
transform (QFT) defined by
F |jD〉 =
D−1∑
d=0
e−2ipi
jd
D |dD〉 , (18)
since the latter diagonalizes any circulant matrix. Later
on in this section we will discover a closer connection
between U1/2D and the QFT. We can immediately ob-
serve some straightforward properties of the Talbot gates
namely
[(U1/r)
a, (U1/r)
b] = 0 (19)
for a and b arbitrary integers. Also we can now construct
the unitary matrix associated to a distance z = q/r as
powers of U1/r, that is Uq/r = U
q
1/r. In general, we can
see that Ua/rUb/r = U(a+b)/r where all of the previous
matrices are circulant matrices, as the product of circu-
lant matrices is another circulant matrix. This allows to
verify consistancy with the integer Talbot effect, which
demands that
(U1/r)
r = I. (20)
Moreover, when D is even it is possible to check that
UD1/2D = X
D/2, which shows the transverse shift of the
intensity pattern at a propagation distance z = 1/2, as
observed in the Talbot effect, and illustrated in Fig. 1
b).
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FIG. 3: Example of the phase function ~φd = (φ0, φ1, φ3) for
D = 3.
D. Diagonal gates and the quantum Fourier
transform
While free space propagation naturally implements a
whole family of single quDit transformations via the Tal-
bot effect, some commonly used linear optics elements
can be exploited to implement additional sets of impor-
tant gates. We appeal to a spatial light modulator, or
equivalent device, to imprint an x-dependent phase on
the optical field. As such it is straightforward to imple-
ment
Ψ(x) −→ eiφ(x)Ψ(x). (21)
Moreover, we can define the phase φ(x) to have distinct
values φd in the regions Rd(x) where ψd(x) is non-zero.
An example of the phase function for D = 3 is shown in
Fig. 3. Thus, we can perform
|dD〉 −→ eiφd |dD〉 . (22)
More generally, for a superposition state |Ψ〉 =∑D−1
d=0 λd |dD〉,
|Ψ〉 −→
D−1∑
d=0
λde
iφd |dD〉 . (23)
This is a quantum gate that is diagonal in the |dD〉 basis,
and can be written as
Z~φ =
D−1∑
d=0
eiφd |dD〉 〈dD| , (24)
where ~φ = (φ0, . . . , φD−1) represents the possible phase
values. For D = 2 the Z~φ represents a rotation by φ
along the the z axis in the Bloch’s sphere.
The tools developed until now are useful to expose
the relation between Z~φ and U1/r to the QFT. Con-
sider first the case of even dimension D and the diag-
onal gate setting ~φ to ~Ξ, for which the dth element reads
[~Ξ]d = e
i(pi8−pid
2
D ). That is
Z~Ξ = e
ipi
8
D−1∑
d=0
e−
ipid2
D |dD〉 〈dD| , (25)
6imprints a quadratic phase to each element of the ba-
sis. After some algebraic manipulation one obtains the
matrix identity
Z~ΞU1/2DZ~Ξ |jD〉 =
D−1∑
d=0
e2pi
(j+d)j
D |(j + d)D〉 = F |jD〉 ,
(26)
where F is the QFT operator defined in Eq. (18). That
is, the operators Z~Ξ and U1/2D provide a decomposition
of the QFT.
Another interesting identity can be obtained by ex-
ploiting some known results for circulant matrices[30]:
First that diagonal gates Z~φ when conjugated by a
Fourier transformation give a circulant matrix, i.e.,
FZ~φF
† = C with C some circulant matrix. Second the
defining property of circulant matrices which says that
circulant matrices are diagonalized by Fourier transfor-
mations. Mathematically FU1/rF
† = Z~γ for some ~γ.
Putting these two properties together with unitarity,
FF† = I, we can obtain another decomposition of the
QFT:
CZ~γC = F, (27)
This form of the QFT will appear later in the example
of D = 2.
For odd dimension we obtain the following decompo-
sition:
Z~Θ−UDZ~Θ+ = F (28)
where
Z~Θ− =
√(
2
D
)D−1∑
d=0
e−
ipi(d2−Dd)
D |dD〉〈dD|,
Z~Θ+ =
√(
2
D
)D−1∑
d=0
e−
ipi(d2+Dd)
D |dD〉〈dD|. (29)
E. Performing arbitrary unitary operations on
Talbot QuDits
As illustrated in Fig. 4, information processing with
Talbot quDits is done by interlacing Talbot gates — free
propagations Uq/r — with diagonal gates — Z~φ with ap-
propriate phase vectors ~φ acting at positions z = q/r.
It is important to notice that this set of operations lead
to an immediate implementation of the quDit Clifford
group, which contains Z~Ω, with [
~Ω]d = e
ipid(d−1)/D and
the D-dimensional discrete Fourier transform [31]. This
set of gates is very important for fault-tolerant implemen-
tations of quantum computation. Moreover, as shown
in [32], if one adds to the Clifford gates a single arbitrary
non-Clifford gate, which in our case can be any other di-
agonal gate, it is possible to approximate any unitary in
SU(D) to any desirable precision for D odd prime. For
D = 2 we get an exact cover of SU(2), as we now show.
...
|0Di
x Uq/r Uq0/r
Z 0(x)Z (x)
z
| i
FIG. 4: The general scheme for processing quantum informa-
tion with a Talbot quDit. Staring with a |0D〉 at the grating,
free space propagation by distance q/r implements Uq/p, until
a diagonal gate is applied at q/r. Repeated applications of
this sequence generate arbitrary unitary transformations in
SU(D) for D prime
.
F. Example: Talbot qubits
In order to illustrate the results of last section we take
the important case of Talbot qubits, i.e., D = 2. Ac-
cording to Eq.(14), we can write the unitary operator
associated to a propagation z = 1/4 as
U1/4 =
e−i
pi
4√
2
(I+ iX), (30)
where the Pauli operator satisfies X2 = I. Using the
identity eiθX = cos(θ)I+i sin(θ)X, one notices some useful
relations
U1/4 = e
−ipi4 ei
pi
4 X (31)
U1/2 = (U1/4)
2 = X (32)
U1 = (U1/2)
2 = I. (33)
It is then clear that U1/4 takes the form of a rotation in
the Bloch sphere by pi4 along the x axis times a constant
phase of −pi/4.
With the Talbot gates U1/4, U1/2 and the set of
gates Z~φ, it is possible to construct other interesting
operators. Consider for instance the operator identity
e−i
pi
2 ei
pi
4 Xei
pi
4 Zei
pi
4 X = H where H is the Hadamard gate.
It is easy to see that
H = U1/4Zpi/4U1/4, (34)
where Zpi/4 = e
ipi/4 |02〉〈02| + e−ipi/4 |12〉〈12|. This
last equation shows how it is possible to construct a
Hadamard gate in a Talbot length with a single inter-
vention of the diagonal phase gate (24). In the first half
of Fig. 5 a) we illustrate the Talbot carpet associated
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⇡
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+  )
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b)
FIG. 5: In a) we show the circuit consisting Hadamard gates
and rotations in the Bloch sphere along the z axis needed to
prepare arbitrary qubit states. In this case we show the prepa-
ration of a state defined by the polar and azimuthal angles
(θ, φ) = (pi/2.7, pi/2) in the Bloch sphere. The color changes
are to illustrate that a phase gate has been applied at the re-
gions marked with vertical arrows. This circuit requires 2zT
of propagation in order to complete the state preparation. For
comparison we show the Talbot carpet due to free evolution
throughout the same distance 2zT , which thus implements
the identity operator.
to the realization of the Hadamard gate using Eq.(34).
This decomposition of the Hadamard gate is of the form
of Eq. (27), and thus it is also possible to implement the
same H gate in the form Z~ΞU1/4Z~Ξ, which implements H
in half a Talbot distance. The Hadamard gate is very
useful since it helps to prepare arbitrary unitaries, and
as such to prepare any pure state. This is obtained in
conjunction with rotations along the z axis by means of
the identity [33]:
Rz
(pi
2
+ φ
)
HRz(θ)H|0〉 = cos(θ)|0〉+ eiφsin(θ)|1〉. (35)
Here the rotation operators Rz(θ) are simply the diagonal
phase gates Zθ, given by
Zθ = e
iθ |02〉〈02|+ e−iθ |12〉〈12| . (36)
Fig 5 a) shows an example of the Talbot carpet pro-
duced in preparation of an arbitrary pure state from the
initial state |02〉 for polar and azimuthal angles (θ, φ) =
(pi/2.7, pi/2) in the Bloch sphere. As a comparision, Fig 5
b) shows the Talbot carpet produced for evolution under
the operator U1, corresponding to the identity operator.
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FIG. 6: Example of a spatially dependent beam splitter
(SDBS) for spatial quDits. Shown is an example for D = 3.
The colored regions represent parts of the beam splitter with
different transmission coefficients td and reflection coefficients
rd.
IV. MEASUREMENT
Measurement of the Talbot QuDits in the computa-
tional basis can be performed simply by using an array
of single photon detectors, single-photon sensitive cam-
eras [34, 35], or spatial light modulators [36]. In all of
these techniques, registration of a photon at some spa-
tial position indicates one of the basis states |dD〉. In the
next section, we propose another method for measure-
ment of computational states using a spatial analog of a
polarizing beam splitter.
V. SPATIALLY DEPENDENT BEAM SPLITTER
We now propose a novel optical beam splitter that will
be useful for correlating different Talbot quDits. The
usual symmetric beam splitter (BS) has reflection and
transmission coefficients t and r, which in general are
complex numbers such that |t|2 + |r|2 = 1. Consider
now a spatially-dependent beam splitter, which we de-
note SDBS, such that the transmission and reflection co-
efficients depend on the spatial coordinate x. For sim-
plicity, we consider a single spatial dimension, however,
the same device could be conceived for two spatial dimen-
sions. For each position x we have transmission and re-
flection coefficients t(x) and r(x), respectively, such that
|t(x)|2 + |r(x)|2 = 1∀x.
To apply the SDBS device to our spatial quDits, we
consider that we have distinct coefficients td and rd cor-
responding to each periodic region Rd(x) corresponding
to the non-null regions of the computational basis wave
8functions ψd(x), as illustrated in Figure 1. Illustration of
such a device is shown in Fig. 6, for D = 3. Fabrication
of such a device should be feasible with evaporative coat-
ing techniques which are typically used in fabrication of
mirrors, beam splitters and other optical devices.
Consider as a first example the case in which tk = 0,
rk = 1 for some specific d = k and td = 1, rd = 0 for all
other values of d ∈ {0, . . . , D−1}. In this case, the SDBS
acts as a filter for the computational basis states, as it re-
flects the computational basis state |k〉 and transmits all
others |d〉. This is analogous to the usual polarizing beam
splitter, which typically reflects vertical polarization and
transmits the horizontal polarization state. Using a se-
ries of these devices, one can filter out all the basis states,
and perform a projective measurement.
For the more general case, the SDBS transforms the
Talbot QuDit basis states as
|dD〉a −→ td|dD〉a + ird|dD〉b (37a)
|dD〉b −→ td|dD〉b + ird|dD〉a. (37b)
It is interesting to consider two-photon interference [37],
where one photon is input in mode a and the other in
mode b. If the photons are indistinguishable in all other
degrees of freedom, and are prepared in the same com-
putational basis state, we have
|dD〉a|dD〉b −→ (t2d−r2d)|dD〉a|dD〉b+itdrd(|dD〉2a+|dD〉2b).
(38)
If the photons are prepared in different computational
basis states |d〉 and |f〉, but otherwise indistinguishable,
we have
|dD〉a|fD〉b −→t2d|dD〉a|fD〉b − r2d|fD〉a|dD〉b
+ itdrd(|dD〉a|fD〉a + |dD〉b|fD〉b). (39)
A. Two-quDit Gates
Two-photon gates based on linear optics were first pro-
posed in the seminal paper by Knill, Laflamme and Mil-
burn [38]. Additional two-photon gates were later pro-
posed [39, 40]. In particular, we consider first the scheme
proposed in Ref.[40], improved upon in Ref.[41] and ex-
perimentally demonstrated in Refs.[42–44]. We will show
that we can perform a two-photon phase gate for spatial
Talbot quDits via post-selection, as shown in Figure 7.
To do so, we consider two-photon interference on a first
SDBS device, and define tk = 1/
√
3, rk =
√
2/3 for
a fixed basis state k, and td = 0, rd = 1 for all other
values of d ∈ {0, . . . , k − 1, k + 1, . . . , D − 1}. Addi-
tional SDBS devices with coefficients tk = 1, rk = 0
for fixed basis state k, and td = 1/
√
3, rd =
√
2/3 for
d ∈ {0, . . . , k−1, k+1, . . . , D−1} are then used in modes
a and b simply as filters. We will consider only events
where one photon leaves each output of the final SDBS
in each mode. Then, all different combinations of com-
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b
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FIG. 7: Several SDBS devices can be used to implement a
controlled gate between Talbot QuDits (see text). SDBS and
SDBS are spatially dependent beam splitters with different
transmission and reflection coefficients.
putational basis states result in one of the following:
|kD〉a|kD〉b −→ −1
3
|kD〉a|kD〉b −→ −1
3
|kD〉a|kD〉b,
(40a)
|kD〉a|dD〉b −→ 1√
3
|kD〉a|dD〉b −→ 1
3
|kD〉a|dD〉b,
(40b)
|dD〉a|kD〉b −→ 1√
3
|dD〉a|kD〉b −→ 1
3
|dD〉a|kD〉b,
(40c)
|dD〉a|dD〉b −→ |dD〉a|dD〉b −→ 1
3
|dD〉a|dD〉b,
(40d)
where the first column is the input state, the second
column the state after two-photon interference at the
first SDBS (and post-selection), and the third column
the state after the filter SDBS (and post-selection). We
can see that the result is a pi phase shift when the two
photons are in state k, and no phase shift for all other
possibilities. This is an entangling gate. For D = 2, this
is equivalent to a controlled-phase gate, CZ~0, which is
capable of creating a maximally entangled state [40, 41].
Independent of the dimension D, we see that this gate
operates with a success probability of 1/9, due to the
post-selection. To make this gate scalable, post-selection
with a non-demolition measurement of photon-number is
required to ensure that one photon leaves each mode, as
is the case for the gate based on photon polarization [40].
9VI. UNIVERSALITY OF TALBOT CARPET
WEAVING
For a computation model to be called universal it must
be the case that, for any fixed number N of quDits, any
unitary operation in SU(DN ) can be decomposed, ei-
ther exactly or up to any desirable precision, in terms of
the gates that can be implemented within the model. If
a set of gates is sufficient for universality it is called a
universal gate set. In the previous sections we showed
how to implement single- and two-quDit gates for Talbot
quDits. Now we argue that these operations are suffi-
cient for implementing universal quantum computation
for prime dimensions.
For Talbot qubits, i.e. D = 2, we showed
how any single-qubit unitary and two-qubit controlled
phase gate can be implemented. The set of gates
{Z~φ,H,CZ~0| ∀ [~φ]0, [~φ]1 ∈ [0, 2pi]} is a well known set for
exact universal quantum computation with qubits [45].
For Talbot quDits, with D an odd prime, we have al-
ready seen that the implementation of discrete Fourier
transformation and arbitrary phase gates allows for, at
least, a dense cover of D-dimensional unitaries. The pro-
posed spatially dependent beam splitter of the previous
section give us an entangling gate, which, according to
the results in Ref. [46], is sufficient to compose a universal
set of gates.
Recent results on decomposition of arbitrary unitary
matrices in SU(D) as the product of phase gates and
discrete Fourier transformations acting on subspaces of
varied dimension [47] might render our quantum compu-
tation model universal for all dimensions. However, the
possibility of implementing a QFT gate in a subspace of
a quDit still has to be further analysed. We leave this
for future work.
VII. RESISTANCE TO ERRORS
In this proposal we present a new way of quantum
information processing using the propagation of single-
particle wave functions, namely the transversal profile of
single photons. A set of orthogonal periodic wave func-
tions are used to encode quantum information on a finite
D-dimensional system. Although developed in a different
context, our encoding scheme is reminiscient of one of the
first ideas for quantum information processing with light
presented in the GKP proposal [15]. There, periodic ba-
sis states were encoded in the quadrature variable wave
functions of single-mode fields, and quantum computa-
tion is realized in this setting using linear optics, squeez-
ing, and homodyne detection. As mentioned by GKP,
difficult non-linear optical processes are necessary in or-
der to produce the initial non-Gaussian states, though
there has been at least one proposal to approximately
produce the GKP basis states [48]. GKP demonstrated
the advantages of periodic encoding in finite dimensions
in terms of the feasibility of implementing quantum er-
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FIG. 8: Fidelity of the initial state |0D〉 with respect to itself
after evolution by a distance m 2zT with m an integer, con-
sidering the deviations from the paraxial approximation and
finite number o illuminated slits. The results where calcu-
lated numerically considering the propagation of a Gaussian
beam of width σ at the grating and effectivelly illuminating l
slits. While this fidelity decays rapidly for small values of σ
it is well preserved for values of the order of 102 illuminated
slits, as it is the case for reported experiments like the one in
[21].
ror correction codes in this discrete system. With proper
encoding, the GKP scheme is robust to displacements in
phase space. This is a characteristic that our realization
directly inherits in principle, and straightforward adap-
tation of GKP’s scheme for fault-tolerant codes should
be possible.
Our proposal represents a feasible physical system with
feasible tools for quDit manipulation exploiting the Tal-
bot effect. Nevertheless, the perfect working mechanism
of the Talbot effect relies on two important approxima-
tions: paraxiality, and infiniteness of the grating to gen-
erate the perfectly periodic combs. In this respect Berry
and Klein [17], have shown that departing from these
approximations translates into a blurring of the Talbot
images, which in our terms would mean a loss of fidelity
of states and gates. We study the influence of these two
approximations numerically by considering a Gaussian
beam whose width covers N slits, by propagating an ini-
tial state for several Talbot distances thus revealing non-
paraxial effects. We measure the fidelity of an initial
state with respect to its own revival after a propagation
m times 2zT . The results are shown in Fig. 8. For cur-
rently available gratings and laser beams, we estimate
that for about 10 Talbot lengths the fidelity is higher
than 0.9 (blue curve) and thus the effects of paraxial ap-
proximation and infinite number of slits are well justified
in this range.
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VIII. CONCLUSIONS
In this paper we have developed a new proposal for
quantum information processing by means of the Talbot
effect with individual photons and the help of some com-
mon linear optical elements. The Talbot gates have a
rich mathematical structure, that of the circulant matri-
ces, and are closely related to the discrete Fourier trans-
form. Interpretation of the Talbot effect as a quantum
logic operation provides a beautiful if not interesting way
to visualize computation through wave propatation and
interference. Diagonal gates implemented by some phase
structuring optical element such as commercial spatial
light modulators, complete the tools for manipulation of
single quDit gates. In order to have the ability to imple-
ment entangling gates, a new spatially dependent beam
splitter is proposed. Construction of this device should
be possible with existing technology. Our proposal allows
for the encoding and manipulation of multi-dimensional
quantum systems, which are interesting for quantum in-
formation processing.
This framework seems to be a natural scenario for the
quantum Fourier transform. All these elements put to-
gether render our quantum computation model universal
for quantum systems with prime dimensions. For high di-
mensional systems, quantum information encoded in Tal-
bot quDits would be robust to errors, since error correct-
ing codes could be implemented according to the GKP
proposal [15]. We believe that the ideas we have devel-
oped here can also be relevant and useful for quantum
information processing with other physical systems such
as atomic beams [19] and Bose Einstein condensates [20],
where the Talbot effect has been observed.
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